
CHAPTER 5 INTEGRALS 

5.1 The Idea of the Integral (page 181) 

The problem of summation is to add ul +.-.+ un. It is solved if we find f's such that uj = f j  - fj-l. Then 
UI +...+un equals fn - fo. The cancellation in (fl - fo) + (fa - fl) +...+ (fn - fn- 1) leaves only fn and -foe 
Taking sums is the reverse (or inverse) of taking differences. 

The differences between 0, 1, 4, 9 are ul, uz,u3 = l ,S,S.  For f j  = j2 the difference between flo and f9 is 
ulo = 19. From this pattern 1+ 3 +5 + .. + 19 equals 100. 

For functions, finding the integral is the reverse of fhding the derivative. If the derivative of f (x) is u(x), 
then the integral of u(x) is f (x). If u(x) = 10%then f (x) = 5x2.This is the a r e a  of a triangle with base x and 
height 102. 

Integrals begin with sums. The triangle under v = 103: out to x = 4 has area 80. It is approximated by 
four rectangles of heights 10, 20, 30, 40 and area 100. It is better approximated by eight rectangles of heights 
5'10, ... ' 40  and area 90. For nrectangles covering the triangle the area is the sum of &($ + + ..+40) = 

80  + g.As n -+ oo this sum should approach the number 80. That is the integral of u = 10%from 0 to /. 

11,3,7,15,127 J - L - ~ - ' = ' - 1 5 f j - f o = s  7 3 x f o r x ~ 7 , 7 ~ - 4 f o r z ~ 1  

9 , 11Lowerby2 lSUp,down;rectangle 1 5 d a - + ; A X ; % ; &  

1 7  6; 18; triangle 1 9  18 rectangles 2 1  62 - i x 2  - 10;6 - x 23 25 x2;x2; $x3 

2 (a) 2' - Z4 = 16 = us (b) 1+2 + 4 + 8 + 16 = f5 - fO= 31 

4 Any C can be added to f (x) because the derivative of a constant is sero. 

Any C can be added to fo, fl, - .  because the difference between f's is not changed. 
rn-16 f o =  ' - '=O; l+r+ . . .+ rn  = f n =  -

r-1 r-1 ' 

8 The f's are 0'1, -1'2, -2, - . Here uj = (-l)j+'j  or vj = { L :ttn a n d f j =  2. 
j odd{ j even 

10 Within each quarter the sum over 13 weeks is lower-than the single value for the whole quarter. 

12  The last rectangle for the pessimist has height 4 ~ .Since the optimist's last rectangle of area 

a f i  = i is missed, the total area is reduced by $. 
1 4  he optimist's rectangles contain the curve. The pessimist's rectangles lie under the curve. 

16 Under the ficurve, the first triangle has base 1,height 1,area i.To its right is a rectangle of area 3. 

Above the rectangle is a triangle of base 3, height 1,area i.The total area $ +3 + % = 5 is below the curve. 

1 8  The total rectangular area is 21. 

20 The rectangles have area 2 times 5, 2 times 3, and 2 times 1,adding to 18. This is exactly correct because 

each overestimate is compensated by an equal underestimate. 

22 The region is a right triangle with height 6 - x and base 6 - x and area i ( 6  - x ) ~ .This has derivative 

x -6, which is -v(x) (minus sign because area decreases as x increases). 

24 The areas under fi and under x2 add to 1. The same is true for the areas under x3 and x1I3. 



v(x)dz equals f (6)  minus f(2). $:andv ,  

5.2 Antiderivatives (page 186) 

Reason: Area under inverse function equals area above original function (provided f (0) = 0). 

26  A f i ~5.3313556 

5.2 Antiderivatives (page 186) 

Integration yields the a r e a  under a curve y = v(z). It starts from rectangles with the base A x  and heights 

v(x) and areas v (x )Ax .  As A x  -+ 0 the area vlAx + - - - + vnAz becomes the in tegra l  of v(x). The symbol for 

the indefinite integral of v(z) is $ v(x)dx .  

The problem of integration is solved if we find f (z) such that = v(x) .  Then f is the an t ider iva t ive  of 

The limits of integration are 2 and 6. This is a definite integral, 

which is a number and not a function f (z). 

1 2The example v(z) = z has f (z) = ix2. It also has f (x) = f x  + 1.The area under v(z) from 2 to  6 is 16. 

1 9 
The constant is canceled in computing the difference f(6) minus f(2).  If v(z) = z8 then f (z)= gx . 

The sum q + - - - +vn = fn - fo leads to  the Fundamental Theorem $a 
b 

v(z)dz = f (b )  - f (a). The indefinite 

integral is f (x) and the def ini te  integral is f (b) - f (a). Finding the area under the v-graph is the opposite of 

finding the s lope  of the f -graph. 

l z 5 + $ z 6 ; %  32&;2  7 - 2 C O s z - ~ C 0 s 2 z ; ~ - 2 ~ ~ ~ 1 - ~ C O S 2~ ~ ~ ' / ~ ( 1 + 2 ~ / ~ ) ; q ( l + 2 ~ / ~ )  

9 z s i n x + c o s z ; s i n 1 + c o s 1 - 1  1 1 ~ s i n 2 x ; ~ s i n 2 1  1 3 f = C ; O  1 5 f ( b ) - f ( a ) ; f 8 - f 3  

1 7 8 + *  1 9 5 ( 1 + & ) ; p ( 3 + & ) ; 2  216.206.2 , 3 6 , 0 0  2 Q f ( z ) = 2 &  25i ,be low- l ; ! , ;  

27 Increase - decrease; increase - decrease - increase 
29  Area under B - area under D ;  time when B = D; time when B -D is largest 33 T; F; F; T; F 

22 f ( z )  = ?x2 + 4z3; f(1) - f (0)  = 4 4 .  4 f ( ~ )  S X ~ / ~ ;  f (0)  = 5.= f (1)  -
36 $= x-'I3 which has antiderivative f (x) = $z2l3; f (1) - f (0) = 2 .  

8 f (x)  = t a n x +  z; f (1)  - f (0)  = tan 1+ 1. 1 0  f (x)  = s inz  - zcosz ;  f (1)  - f (0)  = s in  1- cos 1 

1 2  f (z) = 5sin3 z;  f (I)- f (0) = )(sin 1)'. 

1 4  f (z) = -z plus any constant C; f (1) - f (0) = -1 + C - C = -1. 

16 The sum of u's is multiplied by A x .  The difference of f's is divided by A x .  

18 Areas 0, 1, 2, 3 add to  A4 = 6. Each rectangle misses a triangle of base $ and height 5. There are 
8N triangles of total area N . i($)2= %. SO the N rectangles have area 8-m. 

20  Example: Under y = z2 the rectangles with heights 0, ( . B ) ~ ,  (.9)2 and bases .8, .l,.1have area .145. 

The two rectangles with heights 0 and (.7)2 and bases .7 and .3  have larger area .147. 
322  Two rectangles have base i and heights 2 and 1,with area 2. Four rectangles have base !and heights 

54, 3, 2, 1with area = 2. Eight rectangles have area i.The limiting area under y = 1 is infinite. 

24 5z3 is an antiderivative of z2. So the area under z2 from 0 to  4 is 543 = y.The area under \/;F is y. 
Those areas do not combine to  give a rectangle. 

26  Choose v(z) to  be posi t ive until z= 1,zero  to  z = 2, then nega t ive  to  z = 3. For total area 1, 



5.3 Summation Versus Integration (page 194) 

take u(z) = 2 then 0 then -1. 
28 The area f(4) - f(3) is -i,and f(3) - f(2) is -1, and f(2) - f(1) is i($)(2) - $($)(I). Total -1. 

The graph of f4 is z2 to x = 1. 
30 a ( z )  equals 2 up to z = 1,then -3, then 0, then 1. 32 1 2  = area of complete rectangle. 

5.3 Summation Versus Integration (page 194) 

The Greek letter C indicates summation. In C; uj the dummy variable is j. The limits are j = 1and j 
1= n, so the first term is v l  and the last term is vn. When uj = j this sum equals %n(n + 1). For n = 100 the 

1 1leading term is z1002 = 6000. The correction term is %n= 60. The leading term equals the integral of u = z 

from 0 to 100, which is written $iooxdx. The sum is the total area of 100 rectangles. The correction term is 
the area between the sloping line and the rectangles. 

1The sum zfZ3 (j+ 2)2 and equals 86. The sum Ci6_, ui is the same as xi,o~i+ri2is the same as xiZ1 
and equals ~4 + ~ 6 .For fn = C7=luj the difference fn - f,- 1 equals ~ n .  

I S  1 2  &The formula for l2+ z2 + - -.+ n2 is fn = &n(n+ I)(2n + 1) = g n  + ~n + @n.To prove it by mathe- 

matical induction, check fl = 1and check fn - fn-1 = n2. The area under the parabola u = z2 from z = O to 
1 sz = 9 is ~9 . This is close to the area of 9 /Ax  rectangles of base Az. The correction terms approach rero very 

slowly. 

17  f + C;fo - fs - fl + fo 19 fl = 1; n2 + (2n + 1) = (n + 1)' 

21  a + b + c = 1,2a + 4b + 8c = 5,3a + 9b + 27c = 14; sum of squares 2S S400= 80200; am= ,0025 = ;f 
25 Sioo,i/s rn 350, Eloo,l/s -00587; Sioo,s = 25502500, E100,s = .0201 27 ul and y have the same sign 
2 9 u l = 9 , y = 1 2 , C C = 2 1  ~ l ~ t N = l , 2 ~ - ~ i s n o t lS S O ; ~ ( U ~ + . . . + U ~ )  

n 

35 A z ~ u ( j A z )  S7 f(1) - f (0) = 1,'g d z  
j=1 

6 1 ( 1 ) 1 ~ j  x r = l ~ i q ;  c=lyi-l8(0+b)"=E7'~( n . )an-jbj.
3 

1 0  The first sum is close to e-l = .36788; the second is close to e = 2.71828; the product is extremely near 1. 

12  Choose all a's and Ys equal to 1. Then n2 # n. 


I 4  fn - fo and fls - f3 (by telescoping: the other terms cancel). 


~ ; z i ~ ~ + ~=16 C;=l ui = and CLOP (i -



5.4 Indefinite Integrals a d  Substitutions (page 200) 

1 8  fl = )(1)(2)(3) = 1;fn - fn-' = )n(n + 1)(2n+ 1) - !(n - l)(n)(2n- 1)= n2. 


20 fl = !(1)~(2)~= 1; fn - fn-1 = !n2(n + 1)' - !(n - l)2n2 = in2(4n) = n3. 


22 q = f (emphasize the comparison with J x8dx = ax9). 


24 S5, = 42925; = 416666; D5, = 1258); E5, = 0.0302; En is approximately 5 and exactly + &. 

26 E n ,N 2.Reason: A closer sum S includes only half of the last term np (trape~oidal rule: Section 5.8). 


Then i n ~ / I= e. 
28 x S = x + z 2 + x 3 + ~ ~ ~ e q u a l s S - 1 .Then S =  &. If z = 2  thesums are S = O O .  

30 (w2,1+ ~ , 2  (w' ,~+w , ~ ) ;  the sum is the same whether i or j comes first. +~ 2 , ~ ) ;  
32 4ul +4% +4v3 = 4(vl +y +q); + ( ~ 2 ~ 1  = (ui +u2)(Vl +q + Us).(ulvl + u l y  +~ 1 ~ 3 )  + u2Y + ?Law3) 

34 1 4 ~  = 196 I (13)(17) = 221; (a161 +a2b2)2I (a: + a:)@: +bi) because cancellation leaves 

2albla2b2 5 a:be +sib: and this can be rewritten as 0 I (all2 - a2bl)2 which is true. 
'/A236 The rectangular area is Az Ejz1v(( j  - 1)Az) or AX^^^.^^)-' v(iAz). 

5.4 Indefinite Integrals and Substitutions (page 200) 

Finding integrals by substitution is the reverse of the chain rule. The derivative of (sin x ) ~is 3(sin ~ ) ~ c o s  x. 
Therefore the antiderivative of S(sin ~ ) ~ c o s  x is (sin x)'. To compute 1(1+ cos x dx, substitute u sin x ) ~  = 

1 31+ sin x. Then du/dz = cos x so substitute du = COB x dx. In terms of u the integral is u2 du = 3u . 
Returning to z gives the final answer. 

The best substitutions for / tan(x+3) sec2(z+3)dz and /(x2+ l) lOz dx are u = t an (x  + 3) and u =x2 + 1. 

Then du = sec2 (x +3)dx and 2x dx. The answers are &tan2(x+3) and h(x2+ l ) l l .  The antiderivative 

of v dv/dx is P2.$ 2% dx/(l + z2) leads to $9,which we don't yet know. The integral dx / ( l+  z2) is 

known immediately as tan- lx. 

1 $ ( 2 + ~ ) ~ / ~ + ~  5 & ( ~ ~ + 1 ) ~ + C  7 - ! c o s 4 z + ~  t ( x + l ) " + ' / ( n + l ) + C ( n # - I )  


9 - f  c o s 4 2 x + ~  11sin- ' t+C (1+ t2 ) l12+C
13 ) ( ~ + t ~ ) ~ / ~ - 1 5  2 & + x + C  

1 7  sec x +C 19 -cos x +C 2 1  )z3 + $x312 23 -$(I - 2x)3/2 25 y = 6 
2 7 i x 2  29as inz+bcosx  3 3 F ; F ; F ; F  35f(x-1);2f(:) 

37 x - tan-' x 39 j i d u  4 1  4.9t2 + 4 t  + C2 43  f (t + 3); f (t) + 3t; 3 f (t); )f (3t) 

2 2 ( 3 - ~ ) ~ / ~ + ~  for n # 1. 8 ,; i 2 = + ~ o r  - i ( ~ i n x ) - ~ + ~  4 A ( x + l ) ' - " ,  6 2 ( 1 - 3 ~ ) ~ / ~ + ~  

10cos3xsin2xequals2cos4xsinxandits integral is~cos5x+C 1 2 y ( 1 - t 2 ) 3 / 2 + C  
1 4  Write u = 1-t2 and du = -2t dt to give j(l-u)J;;$ = - ) U ~ / ~ + ~ U ~ / ~ + C-)(I-t2)3/2+= i ( l - t 2 ) 5 / 2 + ~  
1 6  The integral of x112 + x2 is tx3/2 + is3+ C. 

1 8  Set u = tan x and du = see2 z dx. The integral of u2 du is )tan3 x +C. 

20 Write sin3 x as (1- cos2 x) sin z. The integrals of -cos2 z sin x and sin x give )cos3 x - cos x +C. 
22 Substitute y = cxn to find ncxn-' = ( C X ~ ) ~ .  1= 2n or n = -1. MatchMatch exponents: n -

coefficients: nc = c2 or c = n = -1. Answer y = -l/x. 
24 y = -4- + C 26 dy/dx = x/y gives y dy = x dx or y2 = x2 + C or y = d m .  


