
Models of Motion – Fall, 2014-15 
    
Lab 12: Conic Sections and Optimization 
 
Goals: Practice the concepts covered in Strang 3.5 and 3.2, and use Desmos for visualization. Feel free to consult 
with your neighbors but make sure you can be responsible for documenting your individual learning. 
 
Lab Notebook: Update your Table of Contents. General Lab Notes guidelines apply. 
 
Lab Notebook Check Reminder 
You will submit your Lab Notebook for a spot check on Monday November 10. Turn in your Lab Notebook by 5 pm 
Mon. Nov. 10 outside the door to Krishna’s office Lab 2 room 3255. 
 
Part 1: <<Name this part after you complete the activity>> 
a) Consider y = x^2 – 2x – 3. Without actually deploying your strategy, think about how you would obtain (by hand) a 

graph of this function?  
b) Did you consider calculating and plotting points? This is a functional though inefficient and arguably inelegant 

method. 
c) Use Desmos to plot y = x^2 – 2x – 3.  
d) Use Desmos to find the coordinates of the vertex (h, k), i.e. what are h and k?  
e) Use Desmos to find the y-intercept. Can a quadratic function f(x) have more than one y-intercept? Can it have no 

y-intercepts? From this you can conclude that a quadratic f(x) must have exactly one y-intercept. Note that if you 
had instead x = y^2 – 2y – 3, there would still be a vertex but now exactly one x-intercept (note further that this is 
not a function, since it fails the vertical line test – plot it and see). 

f) Let’s find the vertex and the y-intercept of y = x^2 – 2x – 3 again, but without using a graphing tool. Here, you’ll 
get more practice with calculus (there are formulas that let you determine the vertex form of a parabola given the 
standard form but we’ll get it from calculus). 

g) Note that the vertex is a maximum or minimum of the quadratic. We can use calculus to find this extremum point: 
take the derivative of y = x^2 – 2x – 3 with respect to x, set it equal to zero, and solve for x. Then, take that value 
of x, plug it into the original function, and find the height of the function. What do you notice about these values 
when compared to the vertex you found graphically? 

h) Finding the y-intercept is simpler. Take the function y = x^2 – 2x – 3 and evaluate it when x = 0. Compare this to 
what you found graphically. 

i) Now, let’s generalize. Take the standard form for a quadratic y = ax^2 + bx + c where a, b, and c are constants. 
Find the extremum of this function as you did before by taking the derivative with respect to x, setting it equal to 
zero, and solving for x. Then take that value of x and substitute back into y = ax^2 + bx + c and simplify as much 
as you can. This should give you the vertex (h, k) in terms of a, b, and c. 

j) Finding the y-intercept should be straightforward as it was before. Find the y-intercept in terms of any of a, b, and 
c. 

k) So now, given a quadratic in the standard form, you should be able to find the vertex and the y-intercept. And with 
the symmetry of the parabola, these two points should be enough to draw the graph without plotting lots of points. 
Note that you need to know by looking at the equation that it is the equation for a parabola. 

l) Choose your own values for a, b, and c (maybe don’t choose any zero values?), and use your choices in y = ax^2 
+ bx + c. Using the procedure you developed above, find the vertex and the y-intercept. Use this information to 
carefully sketch by hand the graph of your quadratic. Verify by plotting in Desmos. 

m) Optional: For a quadratic in standard form, you can find the vertex and the y-intercept. The parabola can have 0, 
1, or 2 x-intercepts, but those are in general more difficult to find. The x-intercepts are also called the roots. And 
for a quadratic, the algorithm for finding the roots is the (in)famous quadratic equation. There are several ways to 
derive the quadratic equation; a nice method starts with the vertex form of a quadratic and uses some algebra. If 
you have time/interest, derive the quadratic equation starting from the standard form by finding the vertex form as 
in intermediate step. 

 
Part 2: <<Name this part after you complete the activity>> 
a) Consider 9x^2 + y^2 = 9. Don’t graph it yet. Is this a parabola? Solve for y and show that this is not a parabola. 
b) Let’s see how many x-intercepts and y-intercepts we can find. Set x = 0 and see if you can solve for y. If yes, how 

many values for y can you find? 
c) Similarly, set y = 0 and see if you can solve for x. If yes, how many values for x can you find? 
d) Does this information help you guess what shape that 9x^2 + y^2 = 9 might be? Don’t graph it yet. 
e) Let’s adjust this equation so that it equals 1. We’d do this by dividing everything by 9. Show that this gives x^2 + 

y^2/9 = 1. Next, bring the denominator of y^2/9 inside the ^2 and show that y^2/9 = (y/3)^2. So convince yourself 
that 9x^2 + y^2 = 9 is the same as x^2 + (y/3)^2 = 1. 

 



 
f) This is very close to the equation for a circle of radius 1 centered on the origin: x^2 + y^2 = 1. However, you have 

(y/3) and not just y. Recall that if you have some general function f(x), then e.g. f(3x) shrinks the graph along the 
x-axis by a factor of 3 and f(x/3) expand the graph along the x-axis by a factor of 3. So since we have y/3, this 
means the circle of radius 1 is stretched along the y-axis by a factor of 3. Sketch this. Does this match with the 
intersection points you determined above? 

g) Now, enter into Desmos 9x^2 + y^2 = 9 and compare that graph with your sketch. Hide this graph. 
h) In Desmos, enter (x/a)^2 + (y/b)^2 = r^2 and add sliders for a, b, r. Play around with different values for a, b, and r 

either by sliding the slider or typing in numbers directly, and especially make sure to try values of a and b between 
0 and 1. Does this make sense? 

i) What if the ellipse isn’t centered on the origin? Adjust your Desmos input to be ((x – h)/a)^2 + ((y – k)/b)^2 = r^2 
and add in sliders for h and k. Where is the center of the ellipse? What happens if you change h and k? Hide this 
graph. 

 
Part 3: <<Name this part after you complete the activity>> 
a) Enter into Desmos ((x – h)/a)^2 – ((y – k)/b)^2 = r^2 (note: this is similar to before but pay attention to the very 

important minus sign. Set h, k both equal to zero. Set a, b, r all equal to 1. This is the prototype hyperbola. 
b) Now, one at a time, adjust each of r, a, b, h, and k. What effect does each parameter have on the shape of the 

graph? Hide this graph. 
c) Without graphing yet, consider (y – 1)^2 – 4x^2 = 1. Is this a parabola? (Of course given the context and your 

previous activity, it is not. But let’s follow along for practice…) Solve for y and show that this is not a parabola. 
d) Let’s see how many x-intercepts and y-intercepts we can find. Set x = 0 and see if you can solve for y. If yes, how 

many values for y can you find? 
e) Similarly, set y = 0 and see if you can solve for x. If yes, how many values for x can you find? 
f) Does this information help you guess what shape that (y – 1)^2 – 4x^2 = 1 might be? 
g) Of course we know from context that this is the graph of a hyperbola. Using your experience with transforming the 

prototype hyperbola, sketch what you think (y – 1)^2 – 4x^2 = 1 will look like. 
h) Now, enter (y – 1)^2 – 4x^2 = 1 into Desmos and compare that graph with your sketch. 
 
Part 4: Fermat’s Principle Visualized (Strang 3.2 #50) 
Access the following Desmos file: https://www.desmos.com/calculator/ttjuevhjay 
A dog located at the orange dot sees a treat located at the blue dot. The dog can run at 3 m/s across the orange sand 
but only at 2 m/s across the blue sand. What path minimizes the time for the dog to reach the treat? Move the black 
dot around to see the various paths the dog can take. Turn on the gridlines and numbers. Try a few concrete paths to 
get a feel for the calculations, and then solve for the general case. 
 
Part 5: Strang 3.2 #61 
Use Desmos to plot the two graphs, add an adjustable point that follows the first graph and a second adjustable point 
that follows the second graph, and if you can, draw a line segment that connects those two adjustable points. Also if 
you can, have Desmos calculate the distance between the two adjustable points. Use this to check your analytic 
result. 
 
If you have time and interest, use Desmos to concretize some of the things you read in Strang 3.5. For 
example, construct a Desmos graph that calculates and shows the directrix and focus of a parabola or ellipse 
as well as the associated conic section, or that shows the focal properties of those conic sections, or shows 
a triangulation using hyperbolas.  

https://www.desmos.com/calculator/ttjuevhjay

