Matter & Motion – Fall 2015-16		 

   
Math Lab 4: Background to Differentiation Rules

Goals: Review, reinforce, or learn relevant background material for the power rule, exponent rule, product rule, and quotient rule for differentiation.

Groups: Work by yourself (feel free to consult with a classmate of your choice) or with a partner of your choice. If working with a partner, for any work involving Desmos, make sure both partners know what to do (your individual ability to use Desmos is important).  

Lab Notebook: Standard Lab Notebook guidelines. See earlier lab handouts for details. Use your best judgement about what graphs to include. Recall that for math and physics labs, your notebook should reflect your learning and your engagement, and should serve as a stand-alone representation of what you did and what you learned.

Part 1. Power Rule
1. The Power Rule is a short-cut for finding derivatives of power functions, which are functions of the form , where   can be any number. What is the power rule? Practice using it on the following power functions: 
2. Where does the Power Rule come from? For now, we’ll derive a special case of the Power Rule, for  where  is a positive integer. Start by expanding the following binomials, and then simplifying by combining like terms. You can check your results in a number of ways (I recommend checking with a classmate, but you could also use a program like WolframAlpha in which you can type “expand (x + h)^2”): 
a) . 		b) . 	c)  	d) .
3. Do you notice a pattern? Check the front board for a neat way to display this pattern and use the pattern to predict what comes next. Ask if you’re unsure of the pattern or how to use it. Use the pattern to propose what  expands to, and then check by expanding it directly.
4. Use the pattern to propose what the first few terms of  will be. How confident are you in your prediction?
5. Review the limit definition of the derivative, and apply it to . Note that you only need a few of the terms in – why?
6. Combine your previous work to convince yourself that the Power Rule works for   where  is a positive integer.
7. Why is this not a convincing approach if  is not a positive integer?
8. However, we’ll soon see that we extend the positive integer case to any integer, positive or negative (spoiler: we’ll use the Quotient Rule). Let’s use the limit definition of the derivative on  and confirm that this matches the prediction of the general Power Rule (you used the general Power Rule on this function in step 1.)

Part 2. Exponent Rule 
1. Begin by reviewing what exponential functions look like. Use Desmos to plot  with a slider for  . Make sure you try some positive integer and positive fractional values for . What happens when ? When ? 
2. Let’s compare power functions to exponential functions. Plot a)  vs. . b)  vs. . c)  vs. . d) one of your choice.
3. It’s tempting to try to apply the Power Rule to an exponential function. So for example, one might think that if , then . Plot these functions in Desmos and convince yourself that this can’t be correct.
4. Instead, return to the limit definition of the derivative. Apply the limit definition to  and show that     . 
5. Use a numerical approach to estimate . Use this to show that a good numerical approximation to  is . Use this to find the slope of the tangent line to  at . Use Desmos to plot  and  and see if your answer for the slope makes sense.
6. Repeat 4. and 5., but this time for . Again, your goal is to find  (the slope of the tangent line to the curve  at . Again, verify graphically using Desmos.
7. Hopefully you noticed that the slope at  for  was 0.6931 and that for  it was 1.0986 (you may have rounded that, which is ok). Convince yourself that this means that there is some  where  such that  has slope exactly 1 at . Put a pin in this, but have it handy to refer to in lecture when we return to it.
8. Now, for something seemingly unrelated, review compounding interest. If you use an on-line source, make sure to cite it by including the URL in your lab notes, along with some discussion of how you judged it to be a reliable source. In particular, pay attention to discussion of interested that is compounded annually vs. quarterly vs. monthly vs. weekly vs. daily. Most particularly, pay attention to the limit as the interest is compounded continuously. What interesting number shows up?



Part 3. The Product Rule 
1. Consider a function of the form . A common temptation when finding the derivative of  is the following: . Let’s convince ourselves this can’t be correct by looking at . If you apply (the incorrect) , what would you get? However, note that , which you can use the Power Rule on! So use the Power Rule on  to find . Convince yourself that  cannot be correct. 
2. Find a proof of the Power Rule (either from your book if you have it or can access your WileyPlus account which gives you electronic access to your text) or from an online source (again, cite it by including the URL in your lab notes, along with some discussion of how you judged it to be a reliable source). Slowly go through the proof line by line, filling in the gaps not given in the proof and writing down specific questions about moves (conceptual, algebraic, whatever) that you don’t understand. At the end of this process, you should have your own (possibly incomplete and with questions) copy of this proof in your lab notes.
3. Use the Product Rule on  and compare it to the result from the Power Rule. 

Part 4. The Quotient Rule 
The following is the proof of the Quotient Rule from your text. It uses the Product Rule and algebra. Slowly go through the proof line by line, filling in the gaps not given in the proof and writing down specific questions about moves (conceptual, algebraic, whatever) that you don’t understand. At the end of this process, you should have your own (possibly incomplete and with questions) copy of this proof in your lab notes. 

[image: ]

Part 5. Starting to generalize the Power Rule 
Previously, we noted that our derivation of the Product Rule relied on the power  being a positive integer. Using the Quotient Rule, we can generalize the Power Rule to any integer  , which means negative integers.
1. Try this for a particular example:  by noticing that , which is a quotient with numerator  and denominator . Use the Quotient Rule to find . Confirm that this matches what you get by using the general Power Rule.
2. Generalize to the case  and convince yourself that the Power Rule works for any integer .

Part 6. Quiz Revision
[bookmark: _GoBack]At the program web-site, you can find Calculus Quiz 2, which gave many students significant difficulty. Work through these questions again, by yourself or preferably with a group of classmates. 
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