Matter & Motion – Fall 2015-16		 

   
Math Lab 2: Discovering Derivatives

Goals: Calculate average velocities and see how a limiting procedure connects average velocity over an interval to instantaneous velocity at an instant; Gain more familiarity with Desmos; Review and practice with the 2 point version for the equation of a line; Use Desmos to draw secant lines for arbitrary functions; See how the tangent line is the limit of the secant line; Describe the derivative graphically as the slope of the tangent line to the graph of a function.

Groups: You should work at your own computer and complete the exercises on your own. Consultation with neighbors is allowed and encouraged though your individual learning is important.  

Part 0. Lab Notebook
· Your name and contact information should be written prominently and early.
· You should leave room for a Table of Contents. If you have already begun to write on the first page, then you can insert a separate sheet of paper for a Table of Contents; ask how if you are uncertain.
· Each new lab should begin on a new page, and start with the title of the investigation. You should also include the names and contact information of any lab partners.
· It's a good idea to leave some room at the end of each lab entry in case you need to add something later. For this lab, you should leave sufficient space to tape in the graphs which you will print out later when you have access to a printer and then tape directly into your lab notebook.
· Use your judgment about what graphs and notes to include. Required graphs, responses indicated by a *.

	t (s)
	x (m)
	 (s)
	 (m)
	 (m/s)

	0
	1
	
	
	

	
	
	1 – 0 = 1
	2 – 1 = 1
	1/1 = 1

	1
	2
	
	
	

	
	
	2 – 1 = 1
	5 – 2 = 3
	3/1 = 3

	2
	5
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	10
	
	
	

	
	
	
	
	

	4
	17
	
	
	

	
	
	
	
	

	5
	26
	
	
	

	
	
	
	
	



Part 1. Velocity at an Instant
1. *Consider the following table representing the time  (in seconds) and position  (in meters) of some object. Copy the table into your notebook. Draw the associated position vs. time graph, using just points (either by hand or using Desmos). Recall that a “blah” vs. “bleh” graph has “blah” on the vertical axis and “bleh” on the horizontal axis.
2. *Calculate the change in time during each of the first 5 seconds (easy: , and all the time steps are equal in this case) and the change in position during each of the first 5 seconds (straightforward, but remember to subtract the position at the beginning of the interval from the position at the end of the interval: ). You’ll see the first few entries are done for you, fill out the rest. Note the layout of the table, which encourages you to recognize that these quantities are associated with intervals and not with instants. Do you notice a trend in the  column?
3. *Next, calculate the average velocities during each of the first 5 seconds, and fill out the appropriate column on the table. Draw a graph of average velocity vs. time (either by hand (easier) or using Desmos – you’d need to learn how to graph functions with restricted domains). 
4. *Consider s. What could we report as “the” velocity at s? Describe the difficulty in answering this question. Brainstorm what might be some good ways to approximate “the” velocity at s.
	t (s)
	x (m)

	1.8
	

	1.9
	

	2
	

	2.1
	

	2.2
	


	t (s)
	x (m)

	1.50
	

	1.75
	

	2
	

	2.25
	

	2.50
	


	t (s)
	x (m)

	1
	

	1.5
	

	2
	

	2.5
	

	3
	


5. *The values in the table showed some points for the function  , where a = 1 m/s2 and b = 1 m. Copy the tables below into your lab notebook, and add in ,  ,and  columns as in the earlier table, and fill out the entries using the fact that   , where a = 1 m/s2 and b = 1 m. Note that each table use smaller and smaller time steps.
6. *Can you make a confident claim as to what “the” velocity at s might be?
7. Make sure you save/copy/paste any graphs you want from this section (to save graphs you’ll need a Desmos account), then clear Desmos and prepare a blank Desmos calculator.

Part 2. Seeking Secants
1. Launch Desmos or have a blank Desmo calculator. Enter f(x) = x^2.
2. Make a movable point by entering the ordered pair (a, b). Turn on the requested sliders. You can either use the sliders to move the point, or equally fun, actually move the point directly using the mouse. 
3. Note that this point is not connected to the graph of f(x) = x^2 in any way. In order to have the movable point be on the graph of f(x), change the ordered pair (a, b) to the ordered pair (a, f(a)). Get rid of the b slider since it’s just clutter at this point. Now move the point around and verify that it falls on and follows the graph of f(x).
4. Make a second movable point (a+h, f(a+h). Turn on the slider requested for h. You should now have two points that lie on the graph of f(x), which you can move around independently.
5. The default values for a (look on either side of the a slider) are probably sufficient though you might find you want to extend the values. For later parts, you will find it convenient to change the default values for h. Set the lowest value for h be 0.001 and the upper bound to be 5 (feel free to change this upper (and lower) bound as needed). 
6. You may also find it convenient later on to have the output for any input a shown. Enter f(a), which should do this.
7. *Your goal is to get a line that connects the two points (a, f(a)) and (a+h, f(a+h)). For the two points (a, f(a)) and (a+h, f(a+h)), write down a formula for the slope m in terms of any of a, h, a+h, f(a), f(a+h), etc. Explain your reasoning as needed. If you’re stuck, peek ahead to the next step.
8. *Enter m = (f(a+h) - f(a))/h into Desmos. If you got an expression for m on your own in the previous step, explain how this form is consistent with your form as needed. If you were not able to get an expression for m on your own, take the time to write down a clear explanation for why this expression gives you the slope. 
9. You now have two points (a, f(a)) and (a+h, f(a+h)) as well as an expression for the slope m. Determine an equation for the line passing through these two points. Enter this expression into Desmos. If you have done this correctly, you will have a line that goes through the two points, and you should be able to adjust this line by moving the points around. If this works, great. If you can’t get it, that’s ok – check with a neighbor, faculty, or tutor.
10. *You should now have a line through two points on a graph of f(x). This is called a secant line. Summarize your work and any learning that occurred for you in completing this part.

Part 3. Towards Tangents
1. As you saw in the reading, the tangent line is the limit of the secant line as h approaches 0, which means the two points on the secant line are getting closer and closer. Use the slider or move the appropriate point to bring the two points closer and closer and see what happens.
2. As you saw in the reading, the graphical interpretation of the derivative is that the derivative is the slope of the tangent line to the graph of the function. So you’ve just constructed an approximate derivative calculator! (Approximate because we’re using a limiting process on a secant line to approximate a tangent line).
3. Using your tool, determine the derivative at x = 2 (still using f(x) = x^2). Set a = 2 and decrease h to a very small number, and see if the slope of this secant line for smaller and smaller h approaches a constant value. Record the slope.
4. *Make a table of x (change a to various values), the corresponding f(a), and the corresponding slope of the limiting secant line (use a very small h). Your book uses the symbol f′(x) to represent the derivative (which is the slope of the tangent line to the graph of f(x) at x).
5. *Make a plot of f′(x) vs. x. What do you notice about the shape of this graph?
6. You can generalize this for any function f(x) just by changing the definition for f(x) in your first line. So instead of f(x) = x^2, you could have f(x) = x^3 - 2x^2 + 3. Set the points far apart, change the function, and see what happens as you bring the points closer together. Just look at the tangent lines as you vary a, and pay attention to how the slope changes.
7. Try again for sin(x), 2^x, and other interesting functions.
8. Save your Demos graph(s) with a useful name(s), copy/paste, etc.

Part 4. Tangent Lines
1. We know that the derivative of a function gives the slope of the tangent line at a particular point. Desmos can calculate derivatives for common functions, and so you can do better than the limit of the secant line as the points get closer together as an approximation to get the tangent line.
2. Input f(x) = x^2.
3. [bookmark: _GoBack]Input g(x) = d/dx f(x); this is an alternate notation for derivative. Note you might have to use arrow keys to get out of the dx portion of the expression. This is the slope of your tangent line.
4. As before, make a movable point (a, f(a)).
5. *Enter an expression for the tangent line passing through the point (a, f(a)).
6. Play around with different f(x) and see what you can see. Make sure you try out sin(x) and 2^x.

Part 5. Expanding Binomials (if time) In anticipation of deriving the power rule, expand the following binomials. You can check your results in a number of ways (I recommend checking with a classmate, but you could also use a program like WolframAlpha in which you can type “expand (x + h)^2”). a) . b) . c)  d) .

